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It is known that the Takahashi-Tanimoto identity based solution in open
string field theory derives a kinetic operator which is a sum of twisted
Virasoro generators. Applying the infinite circumstance description of
conformal field theory, we derive continuous Virasoro algebra associated
with the kinetic operator. Fock space expansion of the OSFT Hilbert space
is given in terms of continuous Fourier modes. We show emptiness of the
BRST cohomology in this Fock space.
1 Introduction
Understanding the nature of the tachyon vacuum has been an important issue in open
string field theory (OSFT). It is well known that the wedge-based analytic solution [1,
2, 3] successfully explains the absence of open strings around the tachyon vacuum [4].
However, the physics at the tachyon vacuum has not yet been fully understood.
Usually, an OSFT shifted by a classical solution defines a boundary conformal field
theory (BCFT) which is different from the reference BCFT associated with the original
OSFT. However, such BCFT for the tachyon vacuum is expected to be irregular since
there are no more boundaries due to the absence of open strings. This leads to a
question: what kind of physics described by the OSFT at the tacyon vacuum? More
precisely, is there any (two dimensional) field theory associated with the tachyon
vacuum? The analysis performed in [4] do not provide any information about this
question since the cohomology simply vanishes. Number of attempts had been made
to answer this question. They are explanation in terms of shrunken boundaries [5, 6,
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7, 8, 9, 10, 11], deformation in ghost sector [12] and D-gD pair [13]. In spite of these
efforts, it is fair to say that we do not yet have definite answer to the question raised
above.
In this paper, we add one more attempt to the above list by applying the technique
which has been developed in rather different context. That is so-called sine square
deformation (SSD) which was originally introduced to reduce the boundary effect of
the one dimensional open spin lattice [14]. The authors of [14] examined a specific
boundary condition by deforming the open lattice Hamiltonian. They found that
the ground state energy becomes almost identical to that of periodic lattice. The
coincidence between open andperiodic systems observed in SSD somewhat resembles
to tachyon condensation, where OSFT is expected to be deformed into closed string
theory.
Later, the deformed Hamiltonian on the open spin lattice was interpreted as a
Hamiltonian of bulk conformal field theory [15]:
H 
(
L0 − 12L1 −
1
2L−1
)
+
(
L¯0 − 12 L¯1 −
1
2 L¯−1
)
, (1)
where Ln is the Virasoro generator. The coincidence of ground state energy between
open and periodic boundary conditions is explained by the fact that L1 and L−1 van-
ish on the SL(2, C) invariant vacuum. Further, the spectrum of this Hamiltonian was
explored in [16, 17, 18]. In [18], the authors developed the formalism of dipolar quan-
tization in which bulk conformal fields are expanded by continuous mode numbers
instead of discrete one. The Fourier mode of energy momentum tensor corresponds
to Virasoro generator with continuous label; the generators obey the commutation
relation
[Lκ ,Lλ]  (κ − λ)Lκ+λ , (2)
where κ and λ are real numbers rather than integers. And also, they called their
formalism “infinite circumstance limit” of a CFT since the continuous label of Fourier
modes indicates a system with infinite size. In fact, the authors of [18] presented a
formula that embeds the infinite parameter to the complex plane and drew equal time
contours derived from the formula.
It is not difficult to find resemblance between SSD (1) and OSFT. It is known that the
identity based scalar solution of Takahashi and Tanimoto [19] yields following kinetic
operator upon gauge fixing [8]:
L′0 
1
2L
′
0 −
1
4L
′
2 −
1
4L
′
−2 +
3
2 (3)
where L′n  Ln + nqn + δn ,0 is the twisted Virasoro generator [5]. In fact, this ki-
netic operator exactly coincides with the Z2 symmetric deformation studied in SSD
literature [18, 20]. The infinite circumstance formalism can be applied to this kinetic
operator since L′0, L
′
2, L
′
−2 form SL(2, R) algebra as L0, L1, L−1 of SSD does.
Aim of this paper is to investigate the Hilbert space defined by the cohomology of
modified BRST charge generated by the Takahashi-Tanimoto solution, by employing
2
the formalism developed in [18]. This aim is accomplished by identifying eigenmodes
of gauge fixed kinetic operator L′0, which tern out have continuous mode numbers.
Outline of this paper is as follows. In section 2, we review the results of [8]. The
kinetic operator (3) is obtained by gauge fixing the identity based solution of [19].
Section 3 and 4 are devoted to quantum analysis along the line with [18]. Section 3
provides basic tools for our investigation. Worldsheet geometry generated by L′0 (3)
is described in detail. Then, continuous Fourier modes for conformal fields are intro-
duced. Continuous Virasoro generators are derived from the modified BRST charge.
Finally, it is shown that the continuous generators obey Virasoro algebra without
anormaly. Section 4 is devoted to identification of the cohomology of the modified
BRST charge. Eigenmode expansion of the modified BRST charge is given. We find
that the eigenmode expansion looks like “continum version” of the undeformed BRST
charge except for anomalous constant. Using this expansion, we prove the absence of
the BRST cohomology. We conclude in section 5 with further discussions.
Note added
While completing the manuscript, we found a paper by Kishimoto, Kitade and Taka-
hashi [21], which deals with same classical solution using SSD formalism.
2 Modified BRST charge
The identity based solution of Takahashi and Tanimoto [19] is obtained by integrating
primary fields multiplied by specific functions along “left” half of an open string:
ΨTT 
[∫
γL
dz
2pii (F(z) − 1) jB(z) −
∫
γL
dz
2pii
(∂F( z))2
F(z) c(z)
]
|I〉 , (4)
where z represents the worldsheet coordinate of open string BCFT, which is taken to
be entire complex plane in virtue of the doubling trick, and jB(z) and c(z) are BRST
current and conformal ghost respectively. |I〉 is the identity string field. The path γL
is taken to be right half of the unit circle. The function F(z) is explicitly chosen to be
F(z)  1 − 14
(
z +
1
z
)2

1
2 −
1
4z
2 − 14z
−2. (5)
An advantage of this solution is the use of left half integrated operators and identity
string field, which identifies noncommutative star product between string fields with
conventional operator algebra of BCFT. It can be shown that this solution satisfies the
equation of motion of OSFT [19]. The OSFT action expanded around this solution is
characterized by the modified BRST charge
Q′ 
∮
γ
dz
2pii F(z) jB(z) −
∮
γ
dz
2pii
(∂F(z))2
F(z) c(z). (6)
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where γ is the unit circle enclosing the origin z  0. Note that this circle represents a
equal time contour in radial quantization therefore can be shrunk to arbitrary small
small radii. The contour integral can be evaluated by expanding jB(z) and c(z) into
Laurant series and picking up pole residues:
Q′  12QB −
1
4(Q2 +Q−2) + 2c0 + c2 + c−2, (7)
where jB(z)  ∑n Qnz−m−1 and c(z)  ∑n cnz−n+1. The gauge fixed kinetic operator
in Siegel gauge is derived from the commutator between Q′ and antighost zero mode
b0:
L′0  {Q′, b0}

1
2L
′
0 −
1
4
(
L′2 + L
′
−2
)
+
3
2 , (8)
where L′n is the twisted Virasoro generator defined by
L′n  Ln + nqn + δn ,0, (9)
and qn is the nth mode of the ghost number current defined by
jg(z)  b(z)c(z) 
∑
n
qnz−n+1. (10)
The total central charge of the matter and twisted ghost CFT is 24 rather than being
zero. This value of central charge can be derived from (9) directly. Alternatively, it
can be derived from the OPE between twisted energy momentum tensor in ρ  log z
coordinate:
T′(ρ)  T(ρ) − ∂ρ jg(ρ), (11)
or in z coordinate
T′(z)  T(z) − 1
z
∂(z jg(z)). (12)
The twisted energy momentum tensor defined above is consistent with twisted ghost
pair c′(z) and b′(z) rather than the conventional one. The twisted and untwisted ghost
pairs are related by
c′(z)  z−1c(z) 
∑
n
cnz−n , (13)
b′(z)  zb(z) 
∑
n
bnz−n−1. (14)
This correspondence between twisted and untwisted ghost CFT will be used fre-
quently.
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The spectrum of the deformed theory corresponds to the cohomology of modified
charge Q′. The authors of [8] have derived the cohomology with the help of the
SL(2, R) symmetry. In order to derive the cohomology, following identity is crucial:
Q′  −14U
′Q(2)B U
′−1 (15)
where U′  e1/2L′−2 is a finite conformal transformation, and Q(2)B is the shifted charge
obtained by applying the replacement
cn → cn+2, bn → bn−2 (16)
to the original BRST charge. The cohomology of Q′ is obtained by mapping the
cohomology ofQ(2), which is nothing but a shifted version of the original cohomology
of QB. In this way, the cohomology of Q′ is identified as
|Ψ〉TZ  U′ (|P〉 ⊗ b−2 |0〉 + |P′〉 ⊗ |0〉) , (17)
where |P〉 and |P′〉 are DDF states in matter CFT and |0〉 is the conventional SL(2, R)
vacuum of the ghost CFT defined by cn |0〉  0 (n ≥ 2) and bn |0〉  0 (n ≥
−1). Surprisingly, the existence of nontrivial cohomology does not contradict with
the Sen’s conjecture that identifies the classical solution (4) as the tachyon vacuum.
This is simply because the cohomology (17) does not contributes to any pertubative
amplitudes due to mismatch of ghost number [19].
3 Continuous Virasoro algebra
3.1 Geometrical analysis
In order to reformulate the system described by the kinetic operator (8), we will
identify the nature of time evolution generated by it. The twist involved in (8) is
irrelevant for this purpose thus we only need to consider the untwisted generator
L0  12L0 −
1
4 (L2 + L−2) . (18)
Following [18], we introduce a classical representation of L0:
l0  −g(z) ∂∂z , (19)
where the function g(z) is chosen to be
g(z)  zF(z)  12z −
1
4z
3 − 14z
−1. (20)
Next, we will find an eigenfunction of l0 which satisfies
g(z)∂z fκ(z)  κ fκ(z). (21)
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A solution of the above equation is easily found to be
fκ(z)  eκ
∫ z dz′
g(z′)  e
2κ
z2−1 , (22)
here z is the radial coordinate of conventional CFT. Note that the eigenfunction is
regular for any real κ. Therefore l0 shows continuous spectrum. Further, the eigen-
functions fκ(z) can be used to define continuously indexed generators
lκ  −g(z) fκ(z) ∂∂z . (23)
It is easily confirmed that they form continuous Witt algebra
[lκ , lλ]  (κ − λ)lκ+λ (24)
. Let us now describe time evolution generated by l0. Note that (19) is the generator
of time translation which acts on a conformal field. We also note that the worldsheet
time t should be paired with another parameter s along a string to define complex
coordinate ρ  t + is. We require
∂
∂ρ
 g(z) ∂
∂z
. (25)
This defines a relation between complex coordinates z and ρ. The z dependence of ρ
can be obtained by rewriting above equation to
dρ
dz

1
g(z) , (26)
and integreing this with respect to z. Thus we obtain
ρ 
2
z2 − 1 . (27)
Let us investigate the equal time contours of (27). Decomposing right hand side of
(27) into real and imaginary parts with z  x + i y and comparing them to left hand
side, we obtain
t 
2(x2 − y2 − 1)
(x2 + y2)2 − 2(x2 − y2) + 1 , (28)
s  − 4xy(x2 + y2)2 − 2(x2 − y2) + 1 . (29)
We identify the worldsheet of a string as a whole ρ plane, i.e., −∞ < t < ∞ and
−∞ < s < ∞. From (27), we see that only half of the z plane is covered by the
trajectories of a string. How it is covered depends on a choice of branch cut on the
z plane. We would like to choose the upper half z as an image of whole ρ plane as
6
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Figure 1: Equal t contour in z plane.
this choice is compatible with the result of [8]. The contour is plotted in Fig. 1. z  1
and z  −1 corresponds to s  −∞ and s  ∞ respectively. They are remnants of
open string boundaries. They are kept fixed and do not evolve in time. The negative
and positive axes are identified. The global structure of contours are nontrivial. At
t ≤ −2, contour splits into two closed curves within the unit circle |z |  1. At t > 0,
two curves are placed outside of the unit circle. Other vaules of t looks a bit different.
The region 0 < t < −2 has only one contour. The contour at t  0 is a hyperbola
x2 − y2  1. We stress that the global structure of the contours is consistent with the
physical expectation, namely, the theory defines closed string vacuum where open
string endpoint (D-branes) vanish.
3.2 Mode expansion
Next we introduce the mode expansion of conformal fields according to the prescrip-
tion of [18]. Consider a primary field φ(z) with weight h. The Fourier mode of this
field is now continuously labeled
φκ 
∮
dz
2pii g(z)
h−1 fκ(z)φ(z), (30)
where the integral is performed along a constant t contour according to (28). We also
have the inverse relation
φ(z)  g(z)−h
∫
dκφκ f−κ(z). (31)
These relations correspond to Fourier transformation and its inverse rather than dis-
crete Fourier series. In our case, relevant fundamental fields are ∂Xµ(z), c(z) and b(z).
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Their Fourier modes can be pulled out by applying (30) to each of them. Thus we have
Aµκ  i
√
2
α′
∮
dz
2pii fκ(z)∂X
µ(z), (32)
Cκ 
∮
dz
2pii g(z)
−2 fκ(z)c(z), (33)
Bκ 
∮
dz
2pii g(z) fκ(z)b(z). (34)
Further, we introduce the twisted versions of (33) and (34). Using the fact that
c′(z)  zc(z) and b′(z)  z−1b(z) have weight 0 and 1 respectively, we can write
Fourier modes for them as
B′κ 
∮
dz
2pii fκ(z)zb(z), (35)
C′κ 
∮
dz
2pii g(z)
−1 fκ(z)z−1c(z). (36)
Inverse formulas for the Fouriermodes can be obtained by applying (31) to each fields.
3.3 Virasoro generator
Now we are ready to introduce continuous Virasoro generators, which of our main
interest. First, we note that b0 is a zero mode of b′(z) obtained through
b0 
∮
dz
2pii zb(z) 
∮
dz
2pii b
′(z)  B′0. (37)
Therefore we can write
L′0  {Q′, b0} 
{
Q′,B′0
}
. (38)
Analogously, we will obtain the formula for nonzero mode
L′κ  {Q′,B′κ} . (39)
We will show L′κ form continuous Virasoro algebra as expected. First, we derive
the explicit form of the twisted generator. This is done in similar fashion as that of
conventional CFT [18], by integrating operator product expansion around a single
pole. As a worming up, let us begin with L′0. First, we rewrite (6) in terms of g(z):
Q′ 
∮
dz
2pii z
−1g(z) jB(z) −
∮
dz
2pii
z
(
∂(z−1g(z)))2
g(z) c(z), (40)
where the integral is preformed along constant t contour. Then, we obtain
L′0  {Q′,B′0}

∮
w
dz
∮
t0
dw(z−1g(z))wT ( jB(z)b(w))
−
∮
w
dz
∮
t0
dw
z
(
∂(z−1g(z)))2
g(z) wT (c(z)b(w)) , (41)
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where T denotes time ordering. Each time ordered product in the last line is replaced
with operator product expansion that takes form of a Laurent expansion around
z  w:
T
(
jB(z)b(w))  3(z − w)3 + jg(w)(z − w)2 + T(w)(z − w) , (42)
T (c(z)b(w))  1
z − w . (43)
Then, by picking up pole residues, we obtain the result which can summarized into a
compact notation
L′0 
[
gT + h jg +
3
2
gk
g
− h
2
g
]
, (44)
where the square bracket simply denotes a contour integral of a product of functions
or fields,
[ab] ≡
∮
t0
dz
2pii a(z)b(z), (45)
and functions h(z) and k(z) are defined by
h(z)  z d
dz
(
g(z)
z
)
. k(z)  z d
2
dz2
(
g(z)
z
)
. (46)
The generator with nonzero κ can be derived in similar manner. In this case, it is soon
realized that the result can be obtained just by inserting fκ in (44). Thus we have
L′κ  {Q′,B′κ} (47)
 [ fκgT] + [ fκh jg] +
[
fκ
g
{
3
2 gk − h
2
}]
(48)
Note that last term in the final expression (48) is a constant. Explicit evaluation of this
constant requires convenient choice of t  0 as was done in [18]. With this choice, we
can convert the contour integral to the one along a straight line as
[ fka] 
∮
dz
2pi
fκ(z)
g(z) g(z)a(z) (49)

∫ ∞
−∞
ds
2pi e
iκs g
(√
1 + 2
is
)
a
(√
1 + 2
is
)
. (50)
where we have used ρ  is  2/(1 − z2). In this way, a contour integral is evaluated
by inverse Fourier transform of g(√1 + 2/(is))a(√1 + 2/(is)). This quantity can be
unambiguously evaluated if a(z) involve even powers of z only. Fortunately, this is
the case for last term of (48):
g(z)k(z)  (z
4 + 3)(z2 − 1)2
8z4

−2(s2 − is − 1)
s2(s − 2i)2 , (51)
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h(z)2  (z
4 − 1)2
4z4

−4(s − i)2
s2(s − 2i)2 . (52)
Fourier transformof these functions can be evaluated analytically, although the results
turns out to be distributions rather than ordinary functions:[
fκ
g
gk
]

3
2 e
−2κκθ(κ) + 14κ(κ), (53)[
fκ
g
h2
]
 e−2κ(κ − 1)θ(κ) + 12(κ + 1)(κ), (54)
where θ(κ) and (κ) are Heaviside step function and sign function respectively. Plug-
ging these back to (48), we arrive at final expression
L′κ  [ fκgT] + [ fκh jg] + aκ , (55)
where
aκ 
1
4(5κ + 4)e
−2κθ(κ) − 18(κ + 4)(κ). (56)
3.4 Virasoro algebra
We would like to derive the commutator between continuous Virasoro generator L′κ.
We divide (48) into untwisted part and the remaining:
L′κ  Lκ + δLκ + aκ (57)
where
Lκ 
[
fκgT
]
(58)
δLκ 
[
fκh jg
]
(59)
aκ 
[
3
2
fκ
g
gk − fκ
g
h2
]
(60)
Then, the commutator is expanded as
[L′κ ,L′λ]  [Lκ ,Lλ] + [Lκ , δLλ] + [δLκ ,Lλ] + [δLκ , δLλ]. (61)
According to [18], the untwisted generators satisfy Virasoro algebra:
[Lλ ,Lλ]  (κ − λ)Lκ+λ . (62)
There is no central term since we consider matter plus ghost CFT with vanishing total
central charge. Next we would like to evaluate first order term in δ:
[Lκ , δLλ] + [δLκ ,Lλ]  [Lκ , δLλ] − [Lκ , δLλ] (63)
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The right hand side of the above equation can be obtained by antisymmnetrizing the
first term:
[Lκ , δLλ] 
∮ ∮
dz
2pii
dw
2pii g(z) fκ(z)h(w) fλ(w)T(z) jg(w)

∮ ∮
dz
2pii
dw
2pii g(z) fκ(z)h(w) fλ(w)
( −3
(z − w)3 +
jg(w)
(z − w)2 +
∂ jg(w)
z − w
)
 −32
[(g fκ)′′(h fλ)] + [(g fκ)′h fλ jg] + [gh fκ fλ∂ jg]
 −32
[(g fκ)′′(h fλ)] + [(g fκ)′h fλ jg]
 −32
[(g fκ)′′(h fλ)] + [gh f ′κ fλ jg]
 −32
[(g fκ)′′h fλ] + κ [h fκ fλ jg]
 −32
[
κ
g′h
g
fκ+λ + κ2
h
g
fκ+λ
]
+ κ
[
h fκ+λ jg
]
(64)
Then, we have
[Lκ , δLλ] + [δLκ ,Lλ]  (κ − λ)
[
h fκ+λ jg
]
+
[
fκ+λ
g
{
−32(κ − λ)g
′h − 32(κ
2 − λ2)h
}]
(65)
Finally, δ2 term is evaluated as
[δLκ , δLλ] 
∮ ∮
dz
2pii
dw
2pii h(z) fκ(z)h(w) fλ(w) jg(z) jg(w)

∮ ∮
dz
2pii
dw
2pii h(z) fκ(z)h(w) fλ(w)
1
(z − w)2

[(h fκ)′h fλ]

[
h′ fκh fλ + h f ′κh fλ
]

[
fκ+λ
g
(ghh′ + κh2)
]
(66)
Our result can be summarized into
[L′κ ,L′λ]  (κ − λ) (Lκ+λ + δLκ+λ) + u(κ, λ) (67)
where
u(κ, λ) 
[
fκ+λ
g
{
−32(κ − λ)g
′h − 32(κ
2 − λ2)h + ghh′ + κh2
}]
. (68)
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The constant u(κ, λ) can be explicitly evaluated in terms of Fourier transformation.
The result turns out to be
u(κ, λ)  (κ − λ)
{
1
4(5κ + 5λ + 4)e
−2(κ+λ)θ(κ + λ) − 18(κ + λ + 4)(κ + λ)
}
 (κ − λ)aκ+λ , (69)
where aκ+λ is already defined in (56). Putting back this result to (67), we obtain
[L′κ ,L′λ]  (κ − λ) (Lκ+λ + δLκ+λ) + (κ − λ)aκ+λ
 (κ − λ)L′κ+λ . (70)
Thus we have shown that the generator L′κ satisfy Virasoro algebra without anomaly
although it is defined in terms of twisted generators.
4 Spectral analysis
4.1 Commutation relations
We present the algebra satisfied by Fourier modes with continuous algebra. As an
example, let us evaluate the commutator between Bκ and Cκ . The commutator can
be evaluated in similar way as the derivation of continuous Virasoro algebra, where
OPE and contour integral is used:
{Bκ , Cλ} 
∮
z
dz
2pii
∮
t0
dw
2pii fκ(z) fκ(w)g(z)T (b(z)c(w))

∮
t0
dz
2pii
fκ+λ(z)
g(z)

∮
t0
ds
2pi e
iκs
 δ(κ + λ). (71)
where we transformed variable z into s by choosing t  0 contour. The commutation
relation for the twisted pairs B′κ and C′κ yields exactly same result since the extra
weight factors (z−1 for b′(z) and z for c(z) ) do not change the commutator. Thus we
have
{B′κ , C′λ}  δ(κ + λ). (72)
The commutator forAµκ is evaluated similarly as
[Aµκ ,Aνλ]  κηµνδ(κ + λ). (73)
Note that the commutation relations derived here can be understood as “continuum
version” of the discrete one
{b′m , c′n}  δm+n , [αµm , αµn]  mηµνδm+n , (74)
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where m and n are integers.
We can also derive commutators between L′κ and other modes. This can be done in
much the same way as we did for Virasoro algebra of commutation relations between
Fourier modes. In this case, relevant OPEs are those between T(z) or jg(z)with other
fundamental fields. Explicitly, they are
T(z)∂Xµ(w) ∼ ∂X
µ(w)
(z − w)2 +
∂2Xµ(w)
(z − w) + · · · , (75)
T(z)∂c(w) ∼ −c(w)(z − w)2 +
∂c(w)
(z − w) + · · · , (76)
T(z)∂b(w) ∼ 2b(w)(z − w)2 +
∂b(w)
(z − w) + · · · , (77)
jg(z)c(w) ∼ c(w)z − w + · · · , (78)
jg(z)b(w) ∼ −b(w)z − w + · · · . (79)
We have the following result
[L′κ ,Aµλ]  −λAµκ+λ (80)
[L′κ ,B′λ]  (κ − λ)B′κ+λ (81)
[L′κ , C′λ]  (−2κ − λ)C′κ+λ (82)
The correspondence between discrete and continuous algebras is worth to mention.
The commutators for B′λ and C′λ turns out to be “continuum version” of the untwisted
commutators rather than twisted ones:
[Lm , bn]  (m − n)bm+n , [Lm , cn]  (−2m − n)cm+n . (83)
This is surprising but consistent with the fact that L′κ obeys Virasoro algebra without
anomaly.
4.2 Mode expansion of Virasoro generators
We would like to derive the Fourier mode expansion of the Virasoro generator
L′κ  Lmκ + L′gκ + aκ , (84)
where
Lmκ 
∮
dz
2pii fκgT
m
 − 1
α′
[
fκg : ∂Xµ∂Xµ :
]
(85)
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L′gκ  −
∮
dz
2pii fκg : ∂bc + 2b∂c : −
∮
dz
2pii fκh : cb :
 − [ fκg : ∂bc + 2b∂c :] − [ fκh : bc :] . (86)
Here the normal ordering is defined through the time ordering prescription we have
already worked out. Fourier mode expansion of the Virasoro generator is obtained
by replacing each field in the Virasoro generator with the inverse Fourier expansion
according to (31):
∂Xµ(z)  −i
√
α′
2 g(z)
−1
∫
dκAµκ f−κ(z), (87)
c′(z) 
∫
dκ C′κ f−κ(z), (88)
b′(z)  g(z)−1
∫
dκB′κ f−κ(z). (89)
Evaluation of matter part proceed straightforwardly. Two g−1(z) from ∂Xµ and an-
other g(z) in the generator multiplies to total weight g−1(z). And also, two fκ(z) from
∂Xµs and another one in the generator give rise to a delta function∮
dz
2pii
fκ−κ1−κ2(z)
g(z)  δ(κ − κ1 − κ2). (90)
Then this delta function is integrated with the oscillatorAµκ and yields
Lmκ  12
∫
dκ′ : Aµκ−κ′Aµ,κ′ :, (91)
which is merely a continuum version of the discrete expression.
The evaluation of ghost part is rather involved. We first replace the ghost pairs to
the twisted ones in terms of the relation
c(z)  zc′(z), b(z)  z−1b′(z). (92)
This replacement reads
− [ fκg : ∂bc + 2b∂c :] − [ fκh : bc :]  − [ fκg : ∂b′c′ + 2b′∂c′ :] − [ fκh : b′c′ :]
− [ fκz−1 : b′c′ :] . (93)
Then, by replacing b′ and c′ with the Fourier expansion (88) and (89), and evaluate
each term carefully leads to rather simple result
L′gκ 
∫
dκ′(2κ − κ′) : B′κ′C′κ−κ′ : . (94)
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Note that this is again a continuous version of the untwisted ghost Virasoro generator
Lgm 
∑
k
(2m − k)bkcm−k . (95)
This result is again convinced from the fact that the continuous generator satisfy
untwisted algebra. In summary, the total Virasoro generator is continuum version of
the untwisted one up to the constant aκ:
L′κ  12
∫
dκ′ : Aµκ−κ′Aµ,κ′ : +
∫
dκ′(2κ − κ′) : B′κ′C′κ−κ′ : +aκ . (96)
4.3 Mode expansion of modified BRST charge
Having obtained mode expansion of fundamental fields, we next derive the mode ex-
pansion of the modified BRST charge, which will be used to investigate physical state.
This can be done straightforwardly by inserting the expanded fields into the original
expression of the modified BRST charge. First we rewrite the original expression of
(6) in terms of twisted ghosts. Explicit expression of the BRST current in terms and
matter and ghost CFT is
jB(z)  cTm − cb∂c + 32∂
2c (97)
 zc′Tm − zc′b′∂c′ + 32∂
2(zc′), (98)
where we have used the relation c(z)  zc′(z) and b(z)  z−1b′(z). Using this expres-
sion, we can write the modified BRST charge as
Q′ 
∮
dz
2pii z g(z) jB(z) −
∮
γ
dz
2pii
z2∂
(
z−1g(z))
g(z) c(z)

[
gc′Tm
] − [g : c′b′∂c′ :] + [+32∂2(zc′) − z2∂ (z−1g(z))g(z) zc′]

[
gc′Tm
] − [g : c′b′∂c′ :] + [(32k − h2g ) c′] , (99)
where k(z) and h(z) are those defined in (46). The Fourier mode expansion is obtained
by inserting expanded fields into this expression,
Tm(z)  g(z)−2
∫
dκLmκ f−κ(z), (100)
c′(z) 
∫
dκ C′κ f−κ(z), (101)
b′(z)  g(z)−1
∫
dκB′κ f−κ(z). (102)
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After some algebra, we arrive at following expression:
Q′ 
∫
dκ C′κLm−κ + 12
∫
dκ dλ(λ − κ) : C′κB′−κ−λC′λ : +
∫
dκ C′κaκ . (103)
Further, this result can be compared to the expansion with Virasoro generator (96).
As similar to the discrete case, the BRST charge can be expressed in terms of ghost
Virasoro as
Q′ 
∫
dκ
(
C′κLm−κ + 12 : C
′
κL′g−κ :
)
+
∫
dκ C′κaκ . (104)
This expression can be confirmed explicitly by inserting (96) into (103). Again, this
can be compared to the expression of continuum version
QB 
∑
n
(
cnLm−n +
1
2 : cnL
g
−n :
)
. (105)
In closing this section, we would like to summarize our results. Fourier mode expan-
sion of L′κ and Q′ are obtained from those of Ln and QB by following procedure:
1. Replace αµn , cn , bn to their continuum counterpartAµκ , C′κ, B′κ.
2. Replace sum to the κ integral.
3. Include a constant aκ to the Virasoro generator.
And also, we found that commutation relations are also continuum version of the
discrete algebra of undeformed theory.
4.4 Spectrum
Now that we have identified the eigenmodes of the gauge L′0, the Fock space can be
build by applying these oscillators to the vacuum. We follow same strategy as that of
[18] by assuming existence of the vacuum |Ω〉 onwhich negativemodes of continuous
Fourier modes vanish. Note that the new vacuum |Ω〉 is completely different from the
SL(2,R) vacuum |0〉 of the original OSFT1. To begin with, we assume that |Ω〉 satisfies
Aµκ |Ω〉  0 (κ > 0), C′κ |Ω〉  0 (κ > 0), B′κ |Ω〉  0 (κ > 0). (106)
These conditions are chosen so that each of {∂Xµ(z), c′(z), b′(z)} vanishes at t → −∞.
Then, the Hilbert space is composed by Fock states of the form
Aµ−κi · · · C′κ j · · · B′−κk · · · |Ω〉 . (107)
1 Of course, the relation between |Ω〉 and |0〉 is important issue, and to be addressed, since the
continuous Hilbert space arises due to the shift of background from the original OSFT. We leave it
as a future task as we find it not so straightforward.
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It is clear that such Fock states are eigenstates of L′0. This choice is natural, sinceL′0 is the gauge fixed kinetic operator, and expanding the Hilbert space in terms of
eigenstates of it is the standard strategy in quantum field theory.
The physical space is given by the cohomology of the BRST charge Q′. Let us try to
identify the cohomology. An important ingredient is the Fourier mode expansion of
(103), which we quote here again:
Q′ 
∫
dκ C′κLm−κ + 12
∫
dκ dλ(λ − κ) : C′κB′−κ−λC′λ : +
∫
dκ C′κaκ . (108)
The pyisical state should a closed state of Q′. This requires
Q′ |P〉  0, B′0 |P〉  0 → {Q′,B′0} |P〉  L′0 |P〉  0. (109)
Therefore, |P〉 is an eigenstate of L′0. We further require |P〉 to be killed by C′κ and B′κ
for positive κ. Then, we obtain the “Virasoro constraint”
(Lmκ − a−κ) |P〉  0 (κ ≥ 0), (110)
This can be compered to the descrite counterpart of
Lmn |P〉  0 (n > 0). (111)
where |P〉 is obtained by weight 1 primary field. However, the operator expression
(91) immidately implies that the condition (110) cannot be satisified since Lmκ |P〉  0,
which contradicts with nonzero value of aκ. Therefore, there is no closed state in the Fock
space, and then, no phyisical stete. This result contradicts with the nontrivial phsycical
state of [8] but is consistent with Sen’s conjecture of no open strings.
5 Summary and Discussion
We analyzed the identity based solution of Takahashi and Tanimoto by adopting the
infinite circumstance formalism. We obtained the continuous Virasoro algebra of
matte plus ghost system. The oscillator expression of conformal fields is introduced,
and it turns out it can be obtained by extending an integermode number to continuous
variable.
We would like to explain the strong resemblance between discrete and continuous
theories by introducing another coordinate system. It is
Z  f0(z)  e
2
z2−1  eρ . (112)
Applying standard transformation law of primary field, we obtain
φκ 
∮
C
dZZκ+h−1φ˜(Z), (113)
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where φ˜(Z) is a transformed fields. Note that this expression looks similar to that of
conventional CFT
φn 
∮
dzzκ+h−1φ(z), (114)
except for the continuous mode number. However, it is also should be noted that the
correspondence between Z and ρ is not one-to-one. The contour C winds infinitely
many times around Z  0 because of the relation
ρ  logZ (115)
Therefore, theworldsheet in Z coordinate is a Riemann surface composed by infinitely
many sheets. This interpretation explains the resemblance between discrete and con-
tinuous algebras, since the commutation relation is evaluated by an product between
two operators nearby, therefore only reflects local property within same sheet.
The noncompact Riemann surface of logZ could be a source of further speculation
about the nature of the tachyon vacuum. Intuitively, the noncompact worldsheet
can be interpreted as a collection of open string worldsheets. Therefore, the tachyon
vacuum encodes infinitely many open strings in certain manner. More concretely, let
us consider a subset of continuous Virasoro generators labeled by a positive integer q
and arbitrary integer n:
L n
q
. (116)
By keeping q fixed, we introduce a rescaled generators
l
q
n 
L n
q
q
. (117)
It is obvious that these generators form subalgebra since [lqm , lqn]  (m−n)lqm+n . There-
fore, infinitely many discrete algebras are embedded in the continuous algebra.
Another interpretation is possible by considering non-scaled generators. The spec-
trum of non-scaled generators has an interval λ since
[L0,L−λn]  λnL−λn . (118)
The spectrum becomes denser for small λ. This is reminiscent of the spectrum found
in [22] , reported as the landscape of boundary string field theory.
Our analysis revealed unexpected richness of the Hilbert space of OSFT. In par-
ticular, the noncompact worldsheet introduced in this section will be important to
understand the nature of tachyon vacuum. We expect further progress in this direc-
tion. Also, it will also be interesting to extend our analysis to thewedge based analytic
solutions.
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